We consider the optomechanical system consisting of an atom-cavity system coupled with a mechanical resonator, and expand the notion of quasi-dark state to the optomechanical system. We theoretically prove that even if both the one-mode light of the cavity and the one-mode Bose field of the mechanical resonator interact with the atom, each of a dark state and a quasi-dark state has an individual chance to appear when an interaction between the one-mode light and the one-mode Bose field exists. We then come up with a duality between the dark state and the quasi-dark state.
I. INTRODUCTION
The dark state [1] is a significant phenomenon of a coherent trapping in quantum optics. It supplies us with important technologies such as electromagnetic-induced transparency (EIT) [2] and cavity-induced transparency (CIT) [3] for the development of both quantum information and quantum computing. The dark state usually comes up for a coherent superposition of a threelevel atom in the so-called Λ-configuration. Meanwhile, Wang and Zhou in Ref. [4] considered an atom-cavity system surrounded by a heat bath, and then, they found an interesting notion of 'quasi-dark' state, which results from the coupling between the atom and the heat bath, and the coupling between the cavity and the heat bath. They showed that the quasi-dark state appears when the atom-cavity coupling is absent. The quasi-dark state occurs according to the mechanism similar to that for dark state in the EIT phenomenon [2] . The EIT technologies have been realized even in a solid medium [5, 6] , which increases our expectations of possibilities in quantum information and quantum computing. In particular, one of them is for quantum memory [6, 7] . As for quantum memory, in the meantime, the superconducting qubit coupled with the nitrogen-vacancy centers in diamond has vigorously been studied [8, 9] . Recently, a dark state for such a qubit has been observed in an experiment [10] . Theoretically to explain their dark state, they employed a model, which can mathematically be regarded as a model describing a two-level atom coupled with a one-mode light in the circumstance made by a one-mode heat bath. Their theoretical model is an antipode of the model for the quasi-dark state in a sense because their model has no coupling between the atom and the onemode heat bath, and thus, any quasi-dark state does not appear. A question arises then. Can each of a dark state and a quasi-dark state have individual chance to appear if both the atom-cavity interaction and the interaction between the atom and the heat bath exist? * hirokawa@amath.hiroshima-u.ac.jp
We can mathematically regard the heat bath that Wang and Zhou used in Ref. [4] as an external field applied to the atom-cavity system. In theory it has been known that an external field causes a dark state even for the Jaynes-Cummings (JC) model [11] following the idea of driving cavity by an external laser [12] instead of driving atoms in the CIT [3] , even though each excited state of the original JC Hamiltonian is not allowed to be a dark state because of its form of superposition. The JC model primarily describes the two-level atom, not threelevel atom, coupled with a one-mode light. Thus, the observation by Emary in Ref. [11] inspires us with a possibility that the heat bath regarded as the external field may result in not only the quasi-dark state but also a dark state if there are proper three interactions, the interaction between the atom and the light, the interaction between the atom and the external field, and the interaction between the light and the external field. Therefore, the above antipodes, the existence of a dark state and the existence of a quasi-dark state, are theoretically of interest, and arouse physical curiosity in the relation between them.
In this paper we consider these antipodes based on the perspective of an optomechanical system [13, 14] . We handle the optomechanical system consisting of an atomcavity system coupled with a mechanical resonator. Although such an optomechanical system was theoretically studied by Wang et al. [14] , we consider a model different from theirs to consider the antipodes. We assume that our theoretical model is described by the one-mode heat bath version of the Hamiltonian that Wang and Zhou used in Ref. [4] . We, however, regard the one-mode heat bath as a one-mode Bose field of the mechanical resonator like of phonon [13] [14] [15] [16] [17] [18] . We suppose that our atom for the atom-cavity system is a two-level system such as a superconducting LC circuit with some Josephson junctions or a harmonic oscillator such as an LC circuit without any Josephson junction. We will then prove that a quasidark state can appear even if there is an atom-cavity coupling. Namely, we will expand the Wang and Zhou's notion of quasi-dark state to our optomechanical system by theoretically proving that each of a dark state and a quasi-dark state has a chance to appear even when both where c, c † are respectively the annihilation and creation operators of the Bose field, and ξ and κ coupling constants. Our total Hamiltonian H is the one-mode heatbath version of the Hamiltonian discussed by Wang and Zhou [4] . In the case where the coupling constant ξ is equal to zero, it becomes the Hamiltonian used in Ref. [10] theoretically to explained the dark state found in their experiment.
We denote by |g a and |e a the ground state and the excited state, respectively, in the case where we consider the two-level system, by |0 a the Fock vacuum in the case where we consider the harmonic oscillator. We also denote by |0 b and |0 c the Fock vacuums for the the onemode light in the cavity and the one-mode Bose field, respectively. Similarly, we denote by |n ♯ , ♯ = a, b, c, the Fock state with the particle number n.
In this paper, we decompose the total Hamiltonian H in the following:
where the Hamiltonian H RWA is defined by
describing the energy for the part of the one-mode light and the one-mode Bose field. We employ a Bogoliubov transformation given in Sec.A for this Hamiltonian H RWA , which is slightly different from standard one,
We then obtain quasi-boson annihilation operators β j , j = 1, 2, as
where the energy ǫ j and the normalization factors M j are
The immediate computation leads to the condition, j=1,2 M 2 j = 1. We note the annihilation operators b and c have the representation,
Using the annihilation operators β j and the creation operators β † j , we can diagonalize the Hamiltonian H RWA as
To make all the energies ǫ j positive, we assume the condition,
III. TWO-LEVEL ATOM'S CASE
By the representation Eqs.(2.6) the total Hamiltonian can read
where the coupling constants Γ j are
The total Hamiltonian conserves the total number, i.e., [H, N ] = 0 with the total number operator
We denote by P (ℓ) the orthogonal projection on the eigenspace of each fixed quasi-boson number ℓ, i.e.,
. Then, the total number operator N has the representation, N = ∞ ℓ=0 ℓP ℓ with
(see Eq.(2.19) of Ref. [19] ). Due to that conservation law, each eigenstate of the total Hamiltonian has the form of P ℓ ψ for a proper ℓ. In the case ℓ = 1, solving HP 1 ψ = EP 1 ψ, we can realize that the eigenstate P 1 ψ with the eigenenergy E has the form of
where
, and E is the zero of the function
We recall that the functions D 1 (x) has two zeros, x = E 1 and x = E 2 , i.e., D 1 (E j ) = 0, and then, we have the condition, 0 < E 1 < ǫ 1 < E 2 < ǫ 2 , provided that
(see Lemma 4.1 of Ref. [20] ). We first consider the two cases. That is, one of them is the case where the interaction between the atom and the one-mode Bose field is absent, i.e., ξ = 0, and the other is the case where the atom-cavity interaction is absent, i.e., λ = 0.
We assume the condition, ξ = 0, now. That is, we suppose that there is no interaction between the atom and the one-mode Bose field. Then, our total Hamiltonian is the Hamiltonian considered in Ref. [10] . We set the parameters ω b , ω c , λ, and κ as 
and the coefficient of the state
We can obtain the expression, D 1 (D) = D − ω a , which tells us that the point x = D is a zero of the function D 1 (x) provided that the frequency ω a agrees with the value D. Therefore, the normalized eigenstate P 1 ψ/ P 1 ψ|P 1 ψ with the eigenenergy D is obtained by normalizing Eq.(3.3), and it becomes a dark state that Zhu et al. found up to the coefficient −e iθ with θ = π/2 (see Eq.(4) of Ref. [10] ):
The light emission of this dark state |D is exactly zero similar to the dark state Eq.(15) of Ref. [11] pointed out by Emary (see also his observation based on the master equation). For an arbitrary zero x = E of the function D 1 (x), however, the eigenstate P 1 ψ cannot become a quasi-dark state of which type is found by Wang and Zhou [4] whenever the condition, GJ = 0, holds. Conversely, we suppose that there is no atom-cavity interaction, that is, we assume the condition, λ = 0. We now set the parameters ω b , ω c , λ, and κ as
for positive numbers, D, G, J, and a phase θ, respectively. In the same analogy as above, the coefficient of the state |g a |1 b |0 c in Eq.(3.3) is
and the coefficient of the state |g a |0 b |1 c in Eq.(3.3) is
Therefore, the eigenstate P 1 ψ cannot become a dark state that Zhu et al. found [10] for an arbitrary zero x = E of the function D 1 (x) under the condition, GJ = 0. However, the eigenstate P 1 ψ with the eigenvalue D can become a quasi-dark state instead. Its normalized one is
provided that the frequency ω a agrees with the value D. This is the quasi-dark state that Wang and Zhou found (see Eq. (11) in Ref. [4] and its observation based on the master equation). This quasi-dark state emits no boson. These are the antipodes of the existence of a dark state of the type that Zhu et al. found [10] and the existence of a quasi-dark sate of the type that Wang and Zhou found [4] in the two-level atom's case.
On the other hand, we take our interest in the case λξ = 0 from now on. Namely, we concentrate our attention on the case where both the one-mode light and the one-mode Bose field can interact with atom in the last part of this section. We here tune the frequencies ω b and ω c with each other:
We suppose that the parameter κ is positive, and the parameters λ and ξ are real. We define functions E(x, y) and f (x, y) by
These two functions play mathematically important roles for the existence of the dark state and the existence of the quasi-dark state, and their exchange. By the form of Eq.(3.3), we have the coefficient of the vector |g a |1 b |0 c as 5) and the coefficient of the vector |g a |0 b |1 c as
If we assume that the parameters, λ, ξ, κ, satisfy the condition, 
In the same way, if we assume that the parameters, λ, ξ, κ, satisfy the condition,
then the point x = E(ξ, λ) is a zero of the function D 1 (x) as shown in Sec.C. The normalized eigenstate P 1 ψ/ P 1 ψ|P 1 ψ with the eigenenergy E(ξ, λ) becomes a quasi-dark state | D with the same type as found by Wang and Zhou (see Eq. (11) in Ref. [4] ):
Therefore, exchanging the values of the two coupling strengths λ and ξ in the both functions E(λ, ξ) and f (λ, ξ), and tuning them so that Eqs.(3.7) and (3.8) hold, the dark state |D and the quasi-dark state | D switch with each other as the eigenstate P 1 ψ. This is a duality between the dark state and quasi-dark state. In fact, taking the condition, ξ = 0 and λ = 0 (resp. ξ = 0 and λ = 0), for the functions E(λ, ξ) and f (λ, ξ) (resp. E(ξ, λ) and f (ξ, λ)), we realize that the duality holds between the case with the condition, ξ = 0 and λ = 0, and the case with the condition, ξ = 0 and λ = 0.
IV. HARMONIC OSCILLATOR ATOM'S CASE
1) where the coupling constants Γ j are given by the same expressions as in Eq.(3.2). In this section, we denote by E j zeros of the function
The equation, Γ j = 0, is equivalent to that ǫ j becomes one of zeros, i.e., Φ(ǫ j ) = 0. These cases are outside our interest. Thus, we will handle only the case where
throughout this section. Following the Bogoliubov transformation in Sec.B, we define the quasi-boson annihila-tion operators A j , j = 1, 2, 3, by
where the normalization factors N j are
Using the annihilation operators A j , creation operators A † j , and zeros E j of the function Φ(x), we can diagonalize the total Hamiltonian H as
We assume the following conditions:
We can prove that the zeros E j are positive and mutually different under the assumptions (Ass 1)-(Ass 4) as shown in Sec.B, and thus, we can make order the zeros E j so that 0 < E 1 < E 2 < E 3 . Then, the diagonalization Eq.(4.3) implies that the eigenenergies of the total Hamiltonian H are E 1 n 1 + E 2 n 2 + E 3 n 3 , n j = 0, 1, 2, · · · , and the individually corresponding eigenstates are given by
We here consider the two cases, ξ = 0 or λ = 0, again. We assume that there is no interaction between the atom and the one-mode Bose field, i.e., ξ = 0. We tune the frequencies ω b and ω c with each other as in Eq. (3.4) . Then, the representation Eq.(4.2) tells us the coefficient of the creation operator b † in the creation operator A † j is
and the coefficient of the creation operator c † in the creation operator A † j is
It is easy to show the equation, Φ(ω) = −|κ| 2 (ω − ω a ), which tells us that the point x = ω is a zero of the function Φ(x) provided that the frequency ω a agrees with the value ω. Therefore, computing the normalization factor 
Similarly to the dark state Eq. (15) of Ref. [11] observed by Emary, the light emission of this dark state |D is exactly zero. For any zero x = E of the function Φ(x), in the same way as in the two-level atom's case, the eigenstate A † j |0 a |0 b |0 c cannot become a quasi-dark state of the type found by Wang and Zhou whenever the condition, κλ = 0, holds.
Conversely, let us suppose that there is no atom-cavity interaction, i.e., λ = 0, now. In the same way as we do above, the coefficient of the creation operator b † in the creation operator A † j is
Therefore, although the eigenstate A † j |0 a |0 b |0 c cannot become a dark state of the type found by Zhu et al [10] for an arbitrary zero x = E of the function Φ(x) under the condition, κ * ξ = 0, the eigenstate A † j |0 a |0 b |0 c with the eigenvalue ω becomes a quasi-dark state of the type found by Wang and Zhou [4] :
provided that the frequency ω a agrees with the value ω. The boson emission from this state is exactly zero. In the same way as in the two-level atom's case, these are the antipodes of the existence of a dark state and the existence of a quasi-dark sate in the harmonic oscillator atom's case. Thus, we consider the duality under the condition that both the one-mode light and the one-mode Bose field can interact with atom, i.e., λξ = 0.
We tune the frequencies ω b and ω c with each other as in Eq. (3.4) again. In addition, we also suppose that the parameter κ is positive, and the parameters, λ, ξ, are real. The representation Eq.(4.2) tells us the coefficient of the creation operator b † in the creation operator A † j is 5) and the creation operator c † in the creation operator
As shown in Sec.C, if the parameters, λ, ξ, κ, satisfy the condition Eq.(3.7), i.e., f (λ, ξ) = ω − ω a , then the point x = E(λ, ξ) is a zero of the function Φ(x). Eqs. (4.4) , (4.5) , and (4.6) tell us that in this case, one of the eigenstates A † j |0 a |0 b |0 c , j = 1, 2, 3, becomes
This is the type of the dark state that Zhu et al. found in Eq. (4) of Ref. [10] , and there is no light emission from this state. Meantime, if the parameters, λ, ξ, κ, satisfy the condition Eq.(3.8), i.e., f (ξ, λ) = ω − ω a , then the point x = E(ξ, λ) is a zero of the function Φ(x). So, in this case, one of the eigenstates A † j |0 a |0 b |0 c , j = 1, 2, 3, becomes
This is the type of the quasi-dark state that Wang and Zhou found in Eq. (11) of Ref. [4] , and there is no boson emission from this state. Therefore, we obtain the duality in the harmonic oscillator atom's case as well as in the two-level atom's case. Namely, there is a switch between the dark state |D and the quasi-dark state | D among the eigenstates A † j |0 a |0 b |0 c , j = 1, 2, 3. In the same way as in the two-level atom's case, the duality holds between the case with the condition, ξ = 0 and λ = 0, and the case with the condition, ξ = 0 and λ = 0.
In the harmonic oscillator atom's case we can show this duality for other eigenstates of the total Hamiltonian. For the number j b satisfying the condition, E j b = E(λ, ξ), under Eq.(3.7) the eigenstates
(4.7) are also a dark state, and for the number j c satisfying the condition, E jc = E(ξ, λ), under Eq.(3.8) the eigenstates
(4.8) are also a quasi-dark state.
V. DUALITY IN PARTICLE NUMBERS
We suppose the case where κ is positive, and λ, ξ are real, and we tune the frequencies ω b and ω c with each other as in Eq.(3.4) throughout this section. We also assume Γ 1 Γ 2 = 0. In this section let us denote by ϕ the eigenstate P 1 ψ in the two-level atom's case, and the eigenstate N −1 j A † j |0 a |0 b |0 c in the harmonic oscillator atom's case. We define the two expectation values, b † b (λ,ξ) by ϕ|b † b|ϕ , and c † c (λ,ξ) by ϕ|c † c|ϕ . We first note the following equations. For an arbitrary zero, x = E, of the function D 1 (x), it is also a zero of the function Φ(x), and we have the equations,
Using these equations, we obtain each expression of the expectation values:
We here note that the exchange between the two values of λ and ξ leaves the zero E invariant because the exchange leaves the function Φ(x) invariant:
Therefore, we obtain the duality,
In particular, if the parameters, λ, ξ, satisfy the condition Eq.(3.7), i.e., f (λ, ξ) = ω − ω a , we can chose the zero as E = E(λ, ξ), and then, we obtain the expectation value, b † b (λ,ξ) = 0 by our arguments in previous sections or by a direct computation. Let us now exchange between the two values as λ ′ = ξ and ξ ′ = λ. Then, we have the equation, f (ξ ′ , λ ′ ) = f (λ, ξ) = ω − ω a . Namely, the parameters, λ ′ , ξ ′ , satisfy the condition Eq.(3.8), and thus, the point x = E(ξ ′ , λ ′ ) is a zero of the function Φ(x). Then, our arguments in the previous sections as well as the direct computation lead to the expectation value, c † c (λ ′ ,ξ ′ ) = 0:
In this section we show the necessity of an interaction between the one-mode light and the one-mode Bose field to obtain the chance of each of the existence of a dark state and the existence of a quasi-dark state in the case 
Because we now have the condition, E j = E k for j = k, we reach the equation,
Applying the general theory of diagonalization of a matrix to our matrix H, we obtain the unitary matrix V =  
